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Wind Shear Terms in the Equations of Aircraft Motion
Walter Frost*
The University of Tennessee Space Institute, Tullahoma, Tennessee
and
Roland L. Bowlest
NASA Langley Research Center, Hampton, Virginia
Conventional analyses of aircraft motion in the atmosphere have neglected wind speed variability on the scales
associated with many atmospheric phenomena such as thunderstorms, low level jets, etc These phenomena
produce wind shears that have been determined as the probable cause in many recent commercial airline ac
cidents This paper derives the 6 deg equations of motion for an aircraft incorporating the variable wind terms
The equations are presented in several coordinate systems (i e , body coordinates, inertial coordinates, etc ) The
wind shear terms, including the temporal and spatial gradients of the wind, appear differently in the various
coordinate systems; these terms are discussed, Also, the influence of wind shear on inputs to computing the
aerodynamic coefficients, such as the effects of wind velocity vector rotation on relative angular rates of rotation
and on the time rate of change of angles of attack and sideslip, are addressed
Nomenclature Superscripts
A = aerodynamic force vector () =timederivatived( )/dt
C = side force (T)  =vector quantity
D =drag force Subscripts
F =fr ame of reference E = measured in the inertial coordinates
g = gravity _ 4 = wind field quantity
! = moment and/or product of inertia w =measured in the wind coordinates
2 ¢ :?glifg;crioment xyz =measuredinx y, and z directions, respectively
M = pitching moment
m =mass Introduction
N = yawing moment OW LEVEL wind shear is now recognized as a severe
(0] =mass center of gravity flight hazard ! Investigations of at least 25 commercial
pqr =rateofroll, pitch, and yaw, respectively airline accidents (the most recent involved the loss of a Boeing
T =thrust 727 during takeoff from New Orleans International Airport,
u =x component of aircraft velocity relative to the July 1983) and at least five U.S Air Force (USAF) mishaps?®?
_ atmosphere have clearly proven that wind shear (a sudden change in either
Vi = inertial velocity vector the speed or diréction of the wind) can produce major adverse
vV = absolute value of relative velocity dynamic effects on aircraft performance These effects can
=y component of aircraft velocity relative to the cause the aircraft to deviate significantly from the pilot’s
atmosphere intended flight path, producing impact with the ground or
w =wind veloc1ty vector frightening near collisions Both the International Civil
w =z component of aircraft velocity relative to the Aviation Organization (ICAQ) and the Federal Aviation
atmosphere Administration (FAA) now recognize wind shear as a
X =x component of aerodynamic force potent1a1 hazard to the safety of aircraft operations, especxally
X = distance dlong x axis in critical landing and takeoff phases of flight Prior to this
Y =y component of aerodynamic force recognition, the role wind shear played in aircraft accidents
y = distance along y axis often may havé gone undetected or been attributed to pilot
Z = z component of aerodynamic force error
z = distance along z axis It is not surprising that the p0551b1hty of losing control of
o =angle of attack an aircraft due to unusual and extreme wind variations had
8 = angle of sideslip not been given adequate attention prior to 1975 when the
] =Euler angle (elevation) Eastern 66 accident occurred Practically all textbooks (see, as
¢ = Euler angle (bank) examples, Refs. 4-9) and educational programs on aircraft
v = Euler angle (azimuth) flight dynamics place little, if any, emphasis on variable
@ = angular rotation vector winds In general, constant or zero winds, both in the

development of the governing equations and in the analyses of
aircraft motion in the atmosphere, are assumed Etkin (Ref

4, pp 378 384) and McRuer et al. (Ref 9, pp 249 252) devote
a few pages to the subject It is unlikely, however, that un

dergraduate or even graduate programs address wind shear
effects. Thus, the authors believe that a careful derivation of
the aircraft equations of motion with wind shear terms in

corporated should be documented
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Of course, numerous studies relative to the influence of
individual gusts or random turbulence on flight performance
of aircraft (see, for example, Refs 10 16) have been con
ducted However, these studies address only aircraft per
formance relative to changes in wind on time and spatial
scales, which are small in comparison with the scales of severe
wind shear associated with thunderstorms gust fronts, or
microbursts.

In addition to the lack of attention by aerodynamicists to
aircraft performance in wind shear on the spatial and tem
poral scales of storms and microbursts, meteorologists only
recently have began to measure these wind fields in the detail
necessary to analyze their effect on the motion of aircraft 17 19
In 1976, Foy! presented some spatially two dimensional
(three wind speed components) wind field models These
models, developed from flight data recordings and ground-
based tower measurements, are highly qualitative Recently
the JAWS program has measured three dimensional time
dependent wind fields'® specifically for the purpose of in
vestigating aircraft performance These wind fields are ex
pressed in a volume grid array with values of the three wind
speed components given at each grid point Volume in
terpolation techniques are used to compute values for the
wind speed components and their gradients at any given
aircraft position.2¢ 2!

Frost et al.??2! address implementations of spatially
dependent wind fields into computer analysis of aircraft
motion, and Bowles* considers the implementation of them
into flight simulators Incorporation of the wind field models
into the governing equation of aircraft motion is not
straightforward, however Several new terms appear in the
equations (depending on the frame of reference chosen) which
do not appear in the standard, more familiar formulation for
the case of zero or constant winds Moreover, there is clearly a
lack of agreement and understanding on the correct form of
the terms and the magnitude of their effect

The purpose of this paper is to review the governing
equations of motion and identify and describe additional
terms which appear to be due to spatial and temporal
variation in wind on the scale associated with wind shear
caused accidents Assessing the magnitude of the effects due
to accurately modeling theése additional terms (ie, in-
terpolation vs backward differencing, etc) is an on going
project However, preliminary evaluation of these effects has
been carried out and will be presented in a follow on paper

This paper also presents some considerations relative to
evaluating aeérodynamic coefficients for input to the
equations; however research remains to be done to fully
assess the effects of spatially varying winds on experimental
and computed aerodynamic coefficients

The distinction between wind shear and turbulence (or gust
gradients) is simply a matter of scale Work remains to be
done to establish the magnitude of this scale The higher
frequency wind fluctuations (i e turbulence) may increase
the pilot’s workload but not necessarily affect the general
flight path of the aircraft Herein wind shear is defined in
terms of those relatively long scale motions in the atmosphere
which are consistent with the assumption that the wind acts
uniformly or linearly over the aircraft at any given instant

General Equations of Unsteady Motion

Etkin* gives a complete development of the general
equations of unsteady motion However the variation of
wind velocity is not generally incorporated into the equations,
i e, a zero or constant wind is assumed The form of the wind
vector components in the governing equations depends on the
coordinate system chosen Based on the assumption that the
Earth is a stationary plane in inertial space, a coordinate
system fixed at the Earth is defined as the inertial frame of
reference, designated Fr The coordinate axes are designated
xg yg and zp The appropriate reference frame for com
puting the motion of the aircraft subject to a ground wind is
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an atmosphere fixed reference frame, F,, since the
aerodynamic forces and moments depend on the velocity of
the vehicle relative to the local atmosphere The velocity of
the atmosphere relative to the Earth is the motion of F,
relative to Fr and is designated W

Two other reference frames of interest are the air trajectory
reference frame Fy (also called the wind-axis réference
frame; this ‘““wind’’ should not be confused with the at
mospheric motion), and the body fixed reference frame Fj,
or body axis reference frame The wind axis reference frame,
Fy, has its origin fixed to the vehicle, usually at the mass
center, and the axis is directed along the velocity vector of the
vehicle relative to the atmosphere, ¥ Thus,

V=Vy—W 6))

where Vg is the inertial velocity or the velocity of the vehicle
relative to the fixed Earth The axis O, z,, lies in the plane of
symmetry of the vehicle The frame F) has angular velocity
relative to the inertial frame Fr The components of the
angular velocity are conventionally designated by P,, ¢, and
rw

The body axes make up a reference frame fixed in a rigid
body Bodies with articulated control surfaces and/or elastic
motions for which the body cannot be taken as rigid are not
considered in this equation development The origin of the
body axes is usually the mass center of gravity, O The plane
of symmetry is generally taken as Oxz, with z directed
downward By convention, the components of angular
velocity of the body axis frame of reference, Fp relative to
Fy are designated p, ¢, and r The components along the body
axis of the aircraft velocity relative to the atmosphere are
denoted by u v, and w

Based on these assumptions, the force equations for six
degree of-freedom motion become:

Force equations in inertial axes, Fy:

Xp=mxg Yp=myg Ze+mg=mzy  (2)

Force equations in wind axes, Fy,:

Ty, —D—mgsing, =m(V+ W) +m(q, W, —r,W,,)

T,, ~ C+mgcost,sing,, =mW,, +m[r,(V+W,,)
-P . W,_1

T, — L+ mgcosb, cosp,, =mW,,,+mlp, Wiw—4yw

X(V+W,,)1 (3)
Force equations in body axes, Fjp:

X—mgsind=m(u+ W,) +mig(w+W,) +mlg(w+W,)
—r(v+ Wy)]

Y+ mgcosbsing=m (o+ W,) + m[r(u+Ww,)
—p(w+W;)]

Z+mgcosbcosp=m(w+ Wz) +mp(v+W,)

—qu+W,)] @

Addressing the force equations first, it appears that the
equations in the inertial axis have the simplest forms and do
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not explicitly depend on the wind vector or its gradient
However, consider the expansions of the aerodynamic forces
Xg Y and Z; in terms of lift, drag, and side forces

Let the xz axis of the inertial system be chosen as pointing
north and L, be the coordinate transformation of the vector
components in the inertial reference frame (xz yg zz) into
components in the wind frame of reference (xy yu zw)
This transform matrix, in terms of the Euler angles, has the
form shown in Eq (5) The Euler angles are defined as those
angles which rotate the Earth’s fixed coordinates into
coincidence with the relevant axis system (for example, Fy, or
Fp)

cosf,,cosy,, cosf,siny,  —sinf,
sing,,sinf,cosy,,  sine,sind,siny, sing,cosd,
Lyg= —coso,,siny,, +cos¢,,cosy,,
cos¢,sind,cosy,  cose,sinf,sing, C€os¢,cosd,
L + sing,,siny,, —sing,cosy,, J
)

The transform to body coordinates, Ly, is the same as Eq
(5) with 0,,, ¢,, and v, replaced with 6, ¢, and ¢, respec
tively ;

The force component in the inertial axis thus becomes

Xe T, D
YE = LEE Ty —L 7""5 C
Ze T, L )

where L}z and LJ; are the transpose of Lyy and Lpg,
respectively The wind vector is observed to enter not only
through the aerodynamic coefficient relationships for D C
and L (which are discussed later), but also through the Euler
angles, which are functions of the wind vector The symbols
T, T, and T, represent composite propulsive and control
forces in body axes

To see this, consider the rotation ¥,, about the Oxzg axis,
followed by a rotation #,, about Ozx, In terms of the inertial
and wind vector

— yE_WyE
=tan~!(2E_—2E_
\bw " )&E—WxE
S~ W
0w=tan"( - e T ) 7
VG W) + = Wyg)? M

Note that ¢, is arbitrary However, for the case where y,, is
defined perpendicular to the plane of x,¢{, ¢, represents a
rotation about the x, axis The value of ¢, is determined
from the moment equation or kinematic relationships
Despite the relatively innocuous appearance of wind effects
on the force equation expressed in the inertial coordinate
system, the wind vector obviously enters in a strong, inplicit
manner

In general, use of the inertial coordinate system also
requires transforming the thrust vector 7 from body coor
dinates into the inertial areas The Euler angles ¢, 0, and ¢
prust” hen be évaluated For this reason, most computer
programs and flight simulator systems use body coordinate
daxes.

Therefore, consider the wind vector and its gradient terms
as they appear in the force equation expressed in the body
coerdinate frames of reference Transposing the wind vector
terms in Eq (4) gives the rate of change of relative velocity as
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(Vrox ) =T/m+AIim+g— (W+ax W)  (8)

where w is the angular rotation of the body frame of reference
relative to the Barth The wind vector terms (( W+wXx W)
appear as effective forces When their values become of the
same order of magnitude as the thrust and weight to mass
ratios, the wind shear is significant Frost?* gives an order of
magnitude analysis relative to these terms and suggests that
wind shear is critical for a commercial type airliner when the
two dimensional spatial shears are on the order of

oW
X =0 025~ '(1 knot/100 ft)
ox
i1 4
—Ex =0 325'(19 5 knots/100 ft)
W
2 =0 135~ 1(7 7 knots/100 ft)
ax
oW,
——az—z =2 61s~1(159 1 knots/100 ft)

These values are corroborated by flight simulator studies 24

Consider now the evaluation of the wind velocity vector
terms The components of the wind velocity vector are given
most frequently in the Earth frame of reference The
relationships between the Earth components and those in the
aircraft body frame of reference F are given by

Wx WXE
Wy = L BE WvE
Wz WzE (9)

W, = W,gcosfcosy + W pcostsing — W gsind

W, = W, (singsinfcosy —cosbsiny) + W,z (singsinbsiny
+cospcosy) + W zsingcosd
W, = W,z (cosgsinficosy + singsiny) + W, (cosesinfsiny
—singcosy) + W gcosdcosd (10)
The velocity vector components in Fy, are the same with the

Euler angles (¢, 6, ¥) replaced by (¢,, 6,,, ¥,,)
The total derivatives of the wind vector components are

. oW, W, oW oW
= () s Ay ) gor ()
£ ox ExE + ay EyE + 0z EZE + at /g
. oW oW, oW, aW,
W= ,v> . AN v\ 2 ( y)
YE o EXE+ 3 E)’E"‘ 9z EZE"' a /e
. oW, oW, )4 W,
= () e (50) e (530) o+ (57)
& ox ExE ay EyE + liV4 EZE + at E

an

The derivatives can be computed by either of two.
procedures: compute the components of W in the inertial
(Earth’s) frame of reference and then transform the resulting
vector into the body or wind frame of reference Note,
however, that the transform of Eq (11) is tedious because the



NOVEMBER 1984

transform of the deviative W requires
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The dyad transforms as

W, Wee Wae VeW=LLV s WLgg (16)
Wy =LBE WyE +LBE WyE
oy W W (12) The expansion of Eq (16) requires 54 multiplications and 36
z 2E 23 additions for every time step of the solution analysis
However, Eq (12) requires only 18 multiplications and 12
where
( . '3
— (sinfcosy) 6 — (sinbsiny) 8 — (cosh) b
— (cosfsiny) + (cosbeosy) ¥
(cos¢sinfcosy (cos¢sinfsiny (cospcosh) ¢
+singsiny) ¢ —singcosy) ¢ — (singsind) 6
+ (singcosbeosy) 6 + (singcosfsiny ) 8
+ ( —singsinfsiny + (singsinfcosy
—cospcosy) ¥ —cos¢siny) ¥
L BE = ( singsinfcosy ( —singsinfsiny — (singcosh) ¢
+cos¢siny) ¢ —cospcosy) ¢ — (cos¢sing) 8
+ (cospcosbecosy) 6 + (cospcosbsiny ) §
+ ( —cosgsinfsiny + (cososinfcosy
L +singcosy) +singsiny) ¥ J 13)

Again, Ly is the same with 6, ¢, and ¥ replaced by 8,, ¢,
and ¢, respectively

Alternately, one can take the derivatives in the body or
wind frames of reference arriving at

W ow oW
Wx=,< *) Ut W, +( ") W ( X)
F B( ) 3 B(U V) + z ),

aw
X w ( ")
(w+W,)+ ot ),

_ qow, <6Wy> <8Wy
Wy—( = )B(u+Wx)+ 5 ) )+ (2 )B

X (w+ W)+ <6Wy>3

a
W, = (aav? )B(u+ W)+ <_a:;/z )B(v+ w,) + (%)B
X (w+ W)+ (a:z )B (14)

To implement Eq (14), the wind speed spatial derivatives,
which nearly always are given in the Earth frame of reference,
must be transformed to the body or wind frames of reference
Since V W is a dyad, or second order tensor; there are nine
terms

(ow, aw, ow,
ax ax ox
oW, ow, aw,
dy ay ay
W, ow, ow
S (1)

-~

additions But on the other hand, use of Eq (12) requires
evaluation of Lpg, which takes several additional
multiplications and additions Thus, the computational
expedience of one technique over the other is mainly a matter
of preference

As with the inertial coordinate system, the aerodynamic
forces must be transformed from the wind frame of reference
to the body frame of reference The transformation matrix
which rotates the wind coordinates into body coordinates is

cosacosfB —cosasin —sina
Lgy= sinf3 cosf3 0

sinecosB —sinasinB  cosa a7

Values of « and 3 are computed from

tana=w/u sinB=v/V (18)
Hence
X " D
= T, —Lgy C
z T, L (19)

The rates of angular rotation p ¢ and r are generally
computed in the body coordinate system, regardless of the
coordinate system in which the force equation is expressed
The reason for this is that the moments of inertia are relatively
constant in the body axis The moment equation based on the
assumption of a rigid aircraft with symmetry in the Oxz plane
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is

L = Lp~-1L,(r+pq)—(,~1)qr
M = Iyq'_lz,v(rz"pz)"_(lz_lx)rp
N = Lr-IL,(p—gr)—U,-1,)pq (20

Equation (20) can be solved for p g and 7 and the dif
ferential equation solved by standard techniques for p ¢ and
r

Since the angular rotations are inertial values, they are not
dependent on the wind vector The acrodynamic moments, L,
M and N however, do depend on the wind vector and its
gradient, as will be addressed later

Values of ¢, 6, and ¢ are computed from kinematic
relationships

é=p+ gsingtand + rcosptand
6= gcos¢ — rsing

Y= (gsing + rcose) sech Q1)

The same relationships hold for ¢, 6, and y, Again,
neither the wind vector nor its gradient enters explicitly enters
the computation, for ¢, 6, and ¢

Finally the position of the aircraft relative to inertial space
is computed from

X = ucosfcosy + v (singsinfcosy — cospsiny)
+ w(cosesinfcosy + singsiny) + Wz

Vg = ucosfsiny + v (singsinbsiny + cosgcosy)
+ w(cos¢sinfsinyg —singcosy) + W,

Zg = — usind+ vsinycost + weosycosd+ W 5 @2

Aerodynamic Forces

The aerodynamic forces and moments which act on aircraft
are in general, complicated functions of shape and motion
The values of these forces are known only approximately
How these are influenced by variable winds is even less well
understood In this section we do not pretend to address
aerodynamic forces in depth but only to point out a few areas
which need consideration when dealing with spatially and
temporally varying winds

In general, expressions for aerodynamic forces and
moments are expressed by the relationships

D=CppV?8/2 C=CcpV?S/2 L=CpV?S/2 (23a)
and
(=CipV?Sb/2 M=CypV?Sé/2 N=CypV?Sb/2 (23b)

where ¢ = wing mean chord, b= wing spar,
V2= (kg = W)+ (g~ W,p)? + (g — W)’ (24a)
in inertial coordinates, and

V2 =u? +w? +w? (24b)

in body coordinates The coefficients Cp Cq, C; C, Cy
and Cy are expanded in terms of a linear series of variables
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upon which they are dependent In general, these expansions
contain time dependent derivatives of @ and 8 (i e , & and )
Also, the coefficients are linearly related to the angular rates
of rotation When variable wind effects are considered, care
must be exercised to assure that these wind effects are
computed relative to the air mass and not the inertial system
Consider first & and 8 Differentiating tan o= w/u and sin
B=v/V with respect to time and carrying out the algebra gives

. uw—wu
T oW +w
. (2 +w?) —v(uu+ ww)
- Viu? +w? (25)

Note that the wind speed gradients enter Eq (25) through u
v, and w, which are given by [see Eq (4)]

h=— —gsind~W, — [g(w+ W) —r(v+W,)]
.Y . .
= +geosbsing —w, — [r(u+W,) —p(w+ W.) ]

. Z .
w=;1 + gcosfcosd— W, — [p(v+ W,)—q(u+Ww,)]
(26)

Thus, wind shear has a direct effect on these variables and,
hence, the attendant aircraft responses

Claims often are made that by using the inertial coordinate
system, calculation of the wind speed gradients can be
avoided Such is not the case, however, since in terms of
inertial coordinates

tana = [ug(cosgsinfcosy + singsiny) + vg(cosgsindsiny
—singcosy) + wecosecosfd]/(u Ecos0cosa[x
+ vgcosbsing — wysinf) 27

where

ug=(Xg—Wy) vE=Up—Wyg) wg={(2g—Wy;) (28)

Differentiating the above with respect totime resultsin amuch
more complex expression than Eq (25) and contains several
wind speed gradients A similar but equally complex ex
pression exists for 8 and § when expressed in the inertial

- coordinate system

Expressions for the aerodynamic coefficients generally
contain linear relationships in terms of the angular rotations
p, q and r Equation (20) normally is used to solve the
dynamic equations of motion for p ¢ and r The values
obtained are thus inertial values However, the stability
derivatives multiplied by p ¢ and rin the linear expansion of
the aerodynamic coefficients are based on values of angular
rotation relative to the atmosphere Thus, care must be taken
to assure that (5—&,,) is used in evaluating the aerodynamic
coefficients The rotation vector @, is the rotation of the wind
field relative to the inertial frame of reference Figure 1
illustrates the concept for a two dimensional configuration
Recall that the tensor gradient of a vector field can be split
into symmetric and antisymmetric parts 2 The symmetric
part measures the instantaneous rate of strain while the
antisymmetric part measures the instantaneous rate of
rotation at the point considered Physically, this rotation can
be viewed as an air mass of a rigid solid and is brought about
by fluid stresses whose curl does not vanish Thus, &, can be
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expressed as
=UBLIXW 29
In the inertial coordinates
- aw, 6Wy> Al <an aWz> ~ 1
w=3\%y oz /i 2\az  ox /ZT2
aw, oW,
X k 30
<6x ay )E G0)

Recall that for body coordinates, JW must be transformed
with LBE’ hence,

( (3 W, aw, )
‘ 0 0z
DPrel P Y E
9t |= | q|—Lpg <%_6_KV_Z) 31
0z ox E
Trel r
(a w, ow, )
ax oy /g
[ J

“Wind

“Airplane

-+ -+ -
“Relative ~ “Airplane ~ “Wind
LILIITIII71 1R 77011080171 7117777777777 7777770
Fig 1 Schematic illustration of wind field rotation
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The aerodynamic roll, pitch, and yaw rates are thus strongly
dependent on the spatial gradient of wind speed which is
wind shear

Computational Flowcharts

Figures 2 and 3 outline the recommended computational
procedure for evaluating the aircraft equations of motion
(The flowchart concept borrows liberally from Etkin #)
Figure 2 is for a body coordinate system, whereas Fig 3 is for
an inertial coordinate system The wind coordinate system,
which can be handled similarly is not discussed in detail in
this paper

Conclusions

A consistent derivation of the governing équations of
motion for aircraft performance in spatially and temporally
varying wind fields results in additional terms appearing in
the equations These terms are functions of the wind vector
and its derivatives In body coordinates, the terms act as
effective forces in the force equation In inertial coordinates
they do not appear explicitly in the force equations However,
the wind vector and its derivatives implicitly influence the
transformation of the lift, drag, and crosswind forces into
components in the inertial axes. Moreover, they appear
directly and in a more complex form in evaluation of the
aerodynamic coefficients Thus, although it is often argued
that the inertial system is the simplest to use in computing
aircraft motion in variable winds, the results of this paper
clearly suggest that the body coordinate system is still
preferred

To update existing computer programs or flight simulator
computation packages requires slight but straightforward
corrections to existing computational schemes utilizing zero
mean or constant wind models Variable wind effects can be
added diréctly to the forces acting on the aircraft in body
coordinates All other modifications appear in the
caleulations of the derivatives of angles of attack and sideslip
and in evaluating the relative rates of angular rotation These
modifications can influence the calculation of aerodynamic
coefficients directly but do not appear explicitly in the
governing equations of motion
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Preliminary evaluation of the effect of the wind vector and
its derivatives show that the terms are significant It is thus
recommended that computer codes and flight simulator
programs be updated to incorporate the additional wind shear
terms.

The accuracy of and optimum computational procedure for
evaluation of the wind speed gradients are being investigated
Backward differencing of the time derivative terms is ob
viously much more simple than interpolation for all spatial
derivatives Preliminary results utilizing the JAWS data sets
however, show differences in predicted touchdown patterns of
as much as 100% for backward differencing vs interpolation
Research is continuing in this area and a workshop to fully
explore this and other topics relative to implementation of
wind shear models is being planned at NASA Langley
Research Center

Until this work is completed, the magnitude of the ad
ditional wind field terms given in this paper is not fully
known; however, it is concluded that these terms must appear
in the governing equations of aircraft motion if consistent and
reliable computer analyses and flight simulator studies of the
impact of wind shear on aircraft performance are to be
achieved
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